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*Q?QKQHQ;v
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

_ `272`b iQ � +QKKmi�iBp2 `BM; BM i?Bb b2+iBQMX

.2}MBiBQM
� +Q+?�BM +QKTH2t Qp2` _ Bb � b2[m2M+2 Q7 _@KQ/mH2 K�Tb

· · · → *M−1 /M−1→ *M /M→ *M−1 → · · ·

bm+? i?�i /M ◦ /M−1 = 0X q?2M _ Bb MQi bT2+B}2/- r2 K2�M
+Q+?�BM +QKTH2t Q7 �#2HB�M ;`QmTb UBX2X _ = ZVX

aQK2iBK2b r2 Dmbi r`Bi2 i?2 +Q+?�BM +QKTH2t #v (*•, /)X h?2M

/M = /|*M �M/ /2 = 0.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
:Bp2M � +Q+?�BM +QKTH2t (*•, /)- Bib M@+Q+v+H2b wM �M/
M@+Q#QmM/�`B2b "M �`2

wM = E2`(/ : *M → *M+1), "M = AK(/ : *M−1 → *M).

/2 = 0 BKTHB2b "M ⊂ wMX q2 /2}M2 i?2 M@i? +Q?QKQHQ;v ;`QmT #v

>M(*•, /) := wM

"M =
F2`(/M)

BK(/M−1)
.

� +Q+?�BM +QKTH2t *• Bb +�HH2/ �+v+HB+ Q` 2t�+i B7

>M(*•) = 0 7Q` �HH MX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i (*•, ∂) #2 � +?�BM +QKTH2t Qp2` _- �M/ : #2 � _@KQ/mH2X q2
/2}M2 Bib /m�H +Q+?�BM +QKTH2t (*•, /) = >QK_(*•,:) #v

· · ·>QK_(*M−1,:) → >QK_(*M,:) → >QK_(*M+1,:) → · · ·

>2`2 ;Bp2M 7 ∈ >QK_(*M,:)- r2 /2}M2

/M7 ∈ >QK_(*M+1,:)

#v
/M7(+) := 7(∂M+1(+)), ∀+ ∈ *M+1.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i : #2 �M �#2HB�M ;`QmT �M/ s #2 � iQTQHQ;B+�H bT�+2X 6Q`
M ≥ 0- r2 /2}M2 i?2 ;`QmT Q7 bBM;mH�` M@+Q+?�BMb BM s rBi?
+Q2{+B2Mi BM : iQ #2

aM(s;:) := >QK(aM(s),:).

h?2 /m�H +Q+?�BM +QKTH2t a•(s;:) = >QK(a•(s),:) Bb +�HH2/ i?2
bBM;mH�` +Q+?�BM +QKTH2t rBi? +Q2{+B2Mi BM :X Aib +Q?QKQHQ;v Bb
+�HH2/ i?2 bBM;mH�` +Q?QKQHQ;v �M/ /2MQi2/ #v

>M(s;:) := >M(a•(s;:)).

q?2M : = Z- r2 bBKTHv r`Bi2 Bi �b >M(s)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

q2 ?�p2 i?2 �M�HQ;m2 Q7 +?�BM ?QKQiQTv #2ir22M +Q+?�BM
+QKTH2t2bX

h?2Q`2K
>M(−;:) /2}M2b � +QMi`�@p�`B�Mi 7mM+iQ`

>M(−;:) : ?hQT → �# .
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K U.BK2MbBQM �tBQKV
A7 s Bb +QMi`�+iB#H2- i?2M

>M(s;:) =
{

: M = 0

0 M > 0
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

G2KK�
G2i : #2 � _@KQ/mH2 �M/ 0 → �1 → �2 → �3 → 0 #2 �M 2t�+i
b2[m2M+2 Q7 _@KQ/mH2bX h?2M i?2 7QHHQrBM; b2[m2M+2 Bb 2t�+i

0 → >QK_(�3,:) → >QK_(�2,:) → >QK_(�1,:).

A7 �3 Bb � 7`22 _@KQ/mH2 UQ` KQ`2 ;2M2`�HHv T`QD2+iBp2 _@KQ/mH2V-
i?2M i?2 H�bi KQ`T?BbK Bb �HbQ bm`D2+iBp2X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i : #2 �M �#2HB�M ;`QmTX G2i � ⊂ s #2 � bm#bT�+2X q2 /2}M2
i?2 `2H�iBp2 bBM;mH�` +Q+?�BM +QKTH2t rBi? +Q2{+B2Mi BM : #v

a•(s,�;:) := >QK(a•(s)/a•(�),:).

Aib +Q?QKQHQ;v >•(s,�;:) Bb +�HH2/ i?2 `2H�iBp2 bBM;mH�`
+Q?QKQHQ;vX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

aBM+2 a•(s)/a•(�) Bb � 7`22 �#2HB�M ;`QmT- r2 ?�p2 � b?Q`i 2t�+i
b2[m2M+2 Q7 +Q+?�BM +QKTH2t

0 → a•(s,�;:) → a•(s;:) → a•(�;:) → 0

r?B+? BM/m+2b � HQM; 2t�+i b2[m2M+2 Q7 +Q?QKQHQ;v ;`QmTb

0 → >0(s,�;:) → >0(s;:) → >0(�;:) → >1(s,�;:) → · · · .

JQ`2Qp2`- i?2 +QMM2+iBM; K�Tb

δ : >M(�,:) → >M+1(s,�;:)

Bb M�im`�H BM i?2 b�K2 b2Mb2 �b i?�i 7Q` ?QKQHQ;vX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K U1t+BbBQMV
G2i l ⊂ � ⊂ s #2 bm#bT�+2b bm+? i?�i l̄ ⊂ �◦ Ui?2 BMi2`BQ` Q7 �VX
h?2M i?2 BM+HmbBQM B : (s − l,� − l) ↪→ (s,�) BM/m+2b
BbQKQ`T?BbKb

B∗ : >M(s,�;:) ≃ >M(s − l,� − l;:), ∀M.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K UJ�v2`@oB2iQ`BbV
G2i s1,s2 #2 bm#bT�+2b Q7 s �M/ s = s◦

1 ∪ s◦
2X h?2M i?2`2 Bb �M

2t�+i b2[m2M+2

· · · → >M(s;:)→>M(s1;:)⊕ >M(s2;:)→>M(s1 ∩ s2;:)→>M+1(s;:) → · · ·
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

lMBp2`b�H *Q2{+B2Mi h?2Q`2K 7Q` *Q?QKQHQ;v
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i J,L #2 irQ _@KQ/mH2bX G2i S• → J #2 � 7`22 _@KQ/mH2
`2bQHmiBQM Q7 J,

· · ·SM → SM−1 → · · ·S1 → S0 → J → 0

Bb �M 2t�+i b2[m2M+2 Q7 _@KQ/mH2b �M/ SBǶb �`2 7`22X
q2 /2}M2 i?2 1ti ;`QmT

1tiF
_(J,L) = >F(>QK(S•,L))

�M/ i?2 hQ` ;`QmT

hQ`_
F (J,L) = >F(S• ⊗_ L).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

LQi2 i?�i

1ti0_(J,L) = >QK_(J,L), hQ`_
0 (J,L) = J ⊗_ L.

1ti �M/ hQ` �`2 +�HH2/ i?2 /2`Bp2/ 7mM+iQ`b Q7 >QK �M/ ⊗X
Ai Bb � +H�bbB+�H `2bmHi BM ?QKQHQ;B+�H �H;2#`� i?�i 1tiF

_(J,L) �M/
hQ`_

F (J,L) /Q MQi /2T2M/ QM i?2 +?QB+2 Q7 `2bQHmiBQMb Q7 JX
h?2v �`2 7mM+iQ`B�H rBi? `2bT2+i iQ #Qi? p�`B�#H2b �M/ hQ`_

F Bb
bvKK2i`B+ BM irQ p�`B�#H2b

hQ`_
F (J,L) = hQ`_

F (L,J).
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

JQ`2Qp2`- 7Q` �Mv b?Q`i 2t�+i b2[m2M+2 Q7 _@KQ/mH2b

0 → J1 → J2 → J3 → 0,

i?2`2 �`2 �bbQ+B�i2/ HQM; 2t�+i b2[m2M+2b

0 → >QK_(J3,L) → >QK_(J2,L) → >QK_(J1,L)

→ 1ti1_(J3,L) → 1ti1_(J2,L) → 1ti1_(J1,L)

→ 1ti2_(J3,L)) → 1ti2_(J2,L) → 1ti2_(J1,L) → · · ·

0 → >QK_(L,J1) → >QK_(L,J2) → >QK_(L,J3)

→ 1ti1_(L,J1) → 1ti1_(L,J2) → 1ti1_(L,J3)

→ 1ti2_(L,J1)) → 1ti2_(L,J2) → 1ti2_(L,J3) → · · ·
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

�M/

· · · → hQ`_
2 (J1,L) → hQ`_

2 (J2,L) → hQ`_
3 (J3,L)

→ hQ`_
1 (J1,L) → hQ`_

1 (J2,L) → hQ`_
1 (J3,L)

→ J1 ⊗_ L → J2 ⊗_ L → J3 ⊗_ L → 0
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

LQr r2 7Q+mb QM i?2 +�b2 Q7 �#2HB�M ;`QmTb _ = ZX 6Q` �Mv
�#2HB�M ;`QmT J- H2i S0 #2 � 7`22 �#2HB�M ;`QmT bm+? i?�i S0 → J
Bb bm`D2+iBp2X G2i S1 #2 Bib F2`M2HX h?2M S1 Bb �HbQ 7`22 �M/

0 → S1 → S0 → J → 0

/2}M2b � 7`22 `2bQHmiBQM Q7 �#2HB�M ;`QmTbX h?Bb BKTHB2b i?�i

1tiF(J,L) = 0, hQ`F(J,L) = 0 7Q` F ≥ 2.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

6Q` �#2HB�M ;`QmTb r2 rBHH bBKTHv r`Bi2

1ti(J,L) := 1ti1Z(J.L), hQ`(J,L) := hQ`Z1 (J,L) .

G2KK�
A7 2Bi?2` J Bb 7`22 Q` L Bb /BpBbB#H2- i?2M 1ti(J,L) = 0X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QTQbBiBQM
G2i (*•, ∂) #2 � +?�BM +QKTH2t Q7 7`22 �#2HB�M ;`QmTb- i?2M i?2`2
2tBbib � bTHBi 2t�+i b2[m2M+2

0 → 1ti(>M−1,:) → >M(>QK(*•,:)) → >QK(>M,:) → 0

r?B+? BM/m+2b BbQKQ`T?BbKb

>M(>QK(*•,:)) ≃ >QK(>M(*•),:)⊕ 1ti(>M−1(*•),:)
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

S`QQ7

G2i "M #2 M@#QmM/�`B2b �M/ wM #2 M@+v+H2b- r?B+? �`2 #Qi? 7`22X
q2 ?�p2 2t�+i b2[m2M+2b

0 → "M → wM → >M → 0, 0 → wM → *M → "M−1 → 0.

h?Bb BKTHB2b 2t�+i b2[m2M+2b

0 → >QK(>M,:) → >QK(wM,:) → >QK("M,:) → 1ti(>M,:) → 0

�M/ i?2 bTHBi 2t�+i b2[m2M+2

0 → >QK("M−1,:) → >QK(*M,:) → >QK(wM,:) → 0.
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

*QMbB/2` i?2 +QKKmi�iBp2 /B�;`�K rBi? 2t�+i +QHmKMb

0 0

!!
>QK(wM−1,:) ""

##

>QK("M−1,:)

!!

"" 1ti(>M−1,:)

>QK(*M−1,:) ""

##

>QK(*M,:) ""

!!

>QK(*M+1,:)

>QK(>M,:) "" >QK(wM,:) ""

!!

>QK("M,:)

##

0 0

##

.B�;`�K +?�bBM; b?Qrb i?Bb BKTHB2b � b?Q`i 2t�+i b2[m2M+2

0 → 1ti(>M−1,:) → >M(>QK(*•,:)) → >QK(>M,:) → 0

r?B+? Bb �HbQ bTHBi /m2 iQ i?2 bTHBi Q7 i?2 KB//H2 +QHmKMX
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K UlMBp2`b�H *Q2{+B2Mi h?2Q`2K 7Q` *Q?QKQHQ;vV
G2i : #2 �M �#2HB�M ;`QmT �M/ s #2 � iQTQHQ;B+�H bT�+2X h?2M 7Q`
�Mv M ≥ 0- i?2`2 2tBbib � bTHBi 2t�+i b2[m2M+2

0 → 1ti(>M−1(s),:) → >M(s;:) → >QK(>M(s),:) → 0

r?B+? BM/m+2b BbQKQ`T?BbKb

>M(s;:) ≃ >QK(>M(s),:)⊕ 1ti(>M−1(s),:).

S`QQ7X
�TTHv i?2 T`2pBQmb S`QTQbBiBQM iQ *• = a•(s)X
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

lMBp2`b�H *Q2{+B2Mi h?2Q`2K 7Q` ?QKQHQ;v
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�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

.2}MBiBQM
G2i : #2 �M �#2HB�M ;`QmTX G2i � ⊂ s #2 � bm#bT�+2X q2 /2}M2
i?2 `2H�iBp2 bBM;mH�` +?�BM +QKTH2t rBi? +Q2{+B2Mi BM : #v

a•(s,�;:) := a•(s,�)⊗Z :.

Aib ?QKQHQ;v Bb +�HH2/ i?2 `2H�iBp2 bBM;mH�` ?QKQHQ;v rBi?
+Q2{+B2Mi BM :- /2MQi2/ #v >•(s,�;:)X q?2M � = ∅- r2 bBKTHv
;2i i?2 bBM;mH�` ?QKQHQ;v >•(s;:)X

aBKBH�` HQM; 2t�+i b2[m2M+2 7Q` `2H�iBp2 bBM;mH�` ?QKQHQ;B2b 7QHHQrb
7`QK i?2 b?Q`i 2t�+i b2[m2M+2

0 → a•(�;:) → a•(s;:) → a•(s,�;:) → 0.



X
X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X
X

X

�H;2#`�B+ hQTQHQ;v kyky aT`BM;! aG

h?2Q`2K UlMBp2`b�H *Q2{+B2Mi h?2Q`2K 7Q` ?QKQHQ;vV
G2i : #2 �M �#2HB�M ;`QmT �M/ s #2 � iQTQHQ;B+�H bT�+2X h?2M 7Q`
�Mv M ≥ 0- i?2`2 2tBbib � bTHBi 2t�+i b2[m2M+2

0 → >M(s)⊗ : → >M(s;:) → hQ`(>M−1(s),:) → 0

r?B+? BM/m+2b BbQKQ`T?BbKb

>M(s;:) ≃ (>M(s)⊗ :)⊕ hQ`(>M−1(s),:).


